Based on the equivalence between a gauge theory for the translation group and general relativity, a teleparallel version of the non-Abelian Kaluza-Klein theory is constructed. In this theory, only the fiber-space turns out to be higher dimensional, spacetime being kept always four dimensional. The resulting model is a gauge theory that unifies, in the Kaluza-Klein sense, gravitational and gauge fields. In contrast with the ordinary Kaluza-Klein models, this theory defines a natural length scale for the compact submanifold of the fiber space, which is shown to be of the order of the Planck length.
I. INTRODUCTION
In ordinary Kaluza-Klein theories ͓1͔, the geometrical approach of general relativity is adopted as the paradigm for the description of all other interactions of nature. In the original Kaluza-Klein theory, for example, gravitational and electromagnetic fields are described by a Hilbert-Einstein Lagrangian in a five-dimensional spacetime. In the case of the non-Abelian gauge theory, the unification with gravitation, a possibility first raised in the 1960s ͓2͔, was achieved by extending the usual four-dimensional spacetime to a (4ϩD)-dimensional spacetime ͓3-6͔, with D the dimension of the compact part of spacetime. According to this construction, the isometries of the D-dimensional compact submanifold yield the non-Abelian gauge transformations.
On the other hand, it is widely known that, at least macroscopically, general relativity is equivalent to a gauge theory ͓7͔ for the translation group ͓8͔, provided a specific choice of parameters be made ͓9͔. In this theory, known as the teleparallel equivalent of general relativity, the fundamental field is the Weitzenböck connection, a connection presenting torsion, but no curvature. Differently from general relativity, in which gravitation is attributed to curvature, teleparallel gravity attributes gravitation to torsion. Furthermore, whereas in general relativity curvature is used to geometrize the gravitational interaction, in teleparallel gravity torsion plays the role of a gravitational force ͓10͔. This agrees with the fact that, in any gauge theory, the classical interaction is always described by a force equation. Now, the equivalence alluded to above opens new perspectives for the study of unified theories. In fact, instead of using the geometrical description of general relativity, we can adopt the gauge description as the basic paradigm, and in this way construct what we call the teleparallel equivalent of Kaluza-Klein models. According to this approach, both gravitational and non-Abelian gauge fields turn out to be described by a gauge-type Lagrangian. This means that, instead of obtaining the Yang-Mills construction from geometry, as is usually done in ordinary Kaluza-Klein models, in the teleparallel Kaluza-Klein the geometry ͑that is, gravitation͒ is obtained from a generalized gauge model. By following this approach, a teleparallel equivalent of the Abelian Kaluza-Klein theory has already been constructed ͓11͔.
By adopting the gauge description as the basic paradigm, the purpose of this paper will be to use the equivalence between general relativity and teleparallel gravity to construct the teleparallel equivalent of a non-Abelian Kaluza-Klein theory. In other words, instead of extending spacetime to higher dimensions, it is the internal ͑fiber͒ space that will be extended to (4ϩD) dimensions, spacetime being kept always four dimensional. Similarly to the ordinary nonAbelian Kaluza-Klein model, the gauge transformations will be obtained from the isometries of the fiber space. This construction will be achieved through the following steps. In Sec. II, from the analysis of the dynamics of a particle submitted to both gravitational and Yang-Mills type fields, the unified gauge potentials and field strengths are defined. In Sec. III the corresponding gauge transformations are obtained from the isometries of the fiber space, and in Sec. IV, the unified gauge Lagrangian is constructed. The coupling of matter fields with the unified gauge potential is studied in Sec. V, where the explicit dependence of all dynamical variables on the internal coordinates is examined. Finally, in Sec. VI, the basic properties of the model are discussed. In particular, it is pointed out that the teleparallel Kaluza-Klein model defines a natural length scale for the compact D-dimensional sub-manifold of the fiber space, which is found to be of the order of the Planck length.
II. PARTICLE DYNAMICS AND UNIFIED GAUGE POTENTIALS
In what follows, the greek alphabet ,,, . . . ϭ0, . . . ,3 will be used to denote indices related to spacetime. According to the gauge construction, at each point of spacetime there is a fiber space, which in our case will be a (4ϩD)-dimensional space given by the direct product M 4 B D , where M 4 is the tangent Minkowski space, and B D is the group manifold associated to a Yang-Mills symmetry. The first part of the latin alphabet a,b,c, . . . ϭ0, . . . ,3 will be used to denote indices related to the Minkowski ͑or external͒ part of the fiber, whereas the second part of the latin alphabet m,n, . . . ϭ5, . . . ,4ϩD will be used to denote in-dices related to the Yang-Mills ͑or internal͒ part of the fiber. The second part of the latin capital alphabet will be used to denote the whole set of indices of the internal space, which runs through the values M ,N, . As already said, gravitation will enter as a gauge theory for the translation group, whose action will take place in the Minkowski space M 4 . As the dimension of the translation group is the same as that of the Minkowski space, the first part of the latin alphabet a,b,c, . . . ϭ0, . . . ,3 will also be used to denote the indices related to the translation group. The intermediary latin alphabet i, j,kϭ5, . . . ,4ϩI will be used to denote indices related to the Yang-Mills gauge group, with I denoting the number of generators of the associated Lie algebra. The latin capital letters A,B,C, . . . ϭ0, . . . ,3,5, . . . ,4ϩI will be used to denote the whole set of indices related to the group generators. Notice that the dimension 4ϩD of the fiber does not need to coincide with the dimension 4ϩI of the gauge group.
We denote by A a the gauge potential related to translations, and by A i the Yang-Mills type gauge potentials. According to the gauge description of interactions, the action integral describing a particle of mass m and gauge charge q i , under the influence of both a gravitational and a gauge field is
where dϭ( ab dx a dx b ) 1/2 is the Minkowski invariant interval, u a ϭdx a /d is the tangent space four-velocity, and q i is the Noether charge related to the internal gauge transformation ͓12͔. Notice that the mass m appears as the gravitational coupling constant, whereas the gauge coupling constant is denoted by g. Notice, furthermore, that we are assuming the weak equivalence principle, and equating the inertial and gravitational masses. which is used to write the spacetime invariant interval ds. Considering now that the gauge charge q i satisfies the Wong equation ͓13͔
with f i jk the structure constants of the gauge group, the equation of motion ͑3͒ can be rewritten in the form
where
is the gauge field strength. In the absence of Yang-Mills field, the equation of motion ͑8͒ can be shown to reduce to the geodesic equation of general relativity ͓10͔.
The gauge structure of teleparallel gravity allows the definition of a unified gauge potential A A , which is assumed to have the same dimension of the gravitational potential A a . Consequently, the internal gauge potential A i must appear multiplied by an appropriate dimensional factor, which we write in the form
where is a parameter to be determined later. Consequently, if we define a generalized (4ϩI) Noether charge p A ϭmcu A , with
In the same way, we can define now a generalized field strength,
With these definitions, the equation of motion ͑8͒ assumes the form
This is the unified-gravitational plus Yang-Mills-analog of the electromagnetic Lorentz force. Its solution determines the trajectory of the particle under the influence of both gravitational and Yang-Mills fields.
III. GENERALIZED GAUGE TRANSFORMATIONS
A point in the (4ϩD) 
where ␦␣
A ϭ␦␣ A (x ) are the infinitesimal parameters, whose components are written in the form
and K A represent the generators of the transformations. These generators have the form
where the coefficients K N A are the Killing vectors ͓14͔ associated with the infinitesimal isometries of the internal space M 4 B D . They form a set of 4ϩI linearly independent vectors for this space ͓1͔, and are given by 
which are the isometry generators of M 4 , and
which are the isometry generators of B D . The coordinate transformations, therefore, are given by
with ␦ n ϭ␦␣ i K n i the transformation parameter in the Killing basis.
The generators K A obey the algebra
where f A BC are the ͑dimensional͒ structure constants, whose components are
The constant
was introduced for dimensional reasons, and in such a way to yield correct forms for the field strengths and gauge transformations. We have thus the following commutation relations:
and
The generalized derivative, covariant under the transformation ͑15͒, is
In fact, as a simple computation shows, its commutator gives rise to the generalized field strength,
Using the appropriate definitions, this expression is easily seen to yield the correct expressions for the gravitational and the Yang-Mills field strengths. We notice in passing that the tetrad field is given by the covariant derivative of x a , the coordinates of the non-compact part M 4 of the fiber space:
This means that this part of the fiber space presents the soldering property ͓15͔. Now, from the covariance of D under the isometric transformation ͑15͒, we obtain the gauge transformation of the generalized potential:
For Aϭa, the usual transformation law for the ͑Abelian͒ gravitational gauge potential is obtained:
which is the usual non-Abelian gauge transformation. When ␦␣ a ϭ0, therefore, the coordinate transformation ͑15͒ leads to a pure gauge transformation. with A, B, C arbitrary parameters ͓9͔, which gives the Lagrangian of the gravitational sector, and
IV. GAUGE LAGRANGIAN AND FIELD EQUATIONS
which gives the Lagrangian of the gauge sector. The difference in the form of N AB for the different sectors of the theory is directly related to the fact that, due to the presence of a tetrad field in the gravitational sector, the algebraic and spacetime indices of this sector are of the same type, and consequently there are additional ways of contracting the indices. Since there are no tetrads relating the algebraic and the spacetime indices in the gauge sector, only the usual contraction is present. For the specific choice of the parameters, 
To obtain the correct form of the gauge Lagrangian, two conditions must be imposed on the second term of Eq. ͑38͒. The first one is that
.
͑40͒
The constant , therefore, is simply the relation between the gauge coupling constant g and the gravitational coupling constant G. The second condition concerns the relative signs between the gravitational and the Yang-Mills Lagrangians. In order to get the appropriate sign, it is necessary that i j ϭϪ␦ i j .
͑41͒
Therefore, the Cartan-Killing metric ͑35͒ of the unified gauge group becomes
͑42͒
With these conditions, we obtain
As is well known, up to a divergence, the first term of this Lagrangian is the teleparallel equivalent of the EinsteinHilbert Lagrangian of general relativity ͓10͔. The second term, on the other hand, is the usual gauge Lagrangian in the presence of gravitation. It is interesting to notice that, when the Cartan-Killing metric related to the ͑external͒ translation group T 4 is chosen to be ab ϭdiag(ϩ1,Ϫ1,Ϫ1,Ϫ1), the corresponding Cartan-Killing metric related to the ͑internal͒ Yang-Mills group G YM has necessarily the form i j ϭϪ␦ i j . If we had chosen the other possible convention for ab , that is, ab ϭdiag(Ϫ1,ϩ1,ϩ1,ϩ1), the consistency condition would require that i j ϭϩ␦ i j . Therefore, the teleparallel KaluzaKlein construction imposes a constraint between the CartanKilling metric convention adopted for the translation gauge group, and consequently for the Minkowski tangent spacesee the comment just after Eq. ͑35͒-and that adopted for the Yang-Mills gauge group.
Performing a functional variation of L in relation to the components A a , and using the definition of the Weitzenböck connection ⌫ , we obtain the gravitational field equation
stands for the teleparallel canonical energy-momentum pseudo-tensor of the gravitational field ͓16͔. 
V. MATTER FIELDS
The geometrical structure underlying every gauge theory exists independently of the presence or not of gauge fields. For example, in the teleparallel Kaluza-Klein theory, the non-compact four-dimensional part of the fiber, which is given by the tangent Minkowski space, is a geometrical structure that is always present independently of the presence or not of a gravitational gauge field. The same is true of the D-dimensional compact part of the fiber in relation to the corresponding Yang-Mills gauge field. It should be noticed that the fiber space of teleparallel Kaluza-Klein theories corresponds to the ground state spacetime of ordinary KaluzaKlein theories. In these theories, the transition from a higherdimensional theory to the effective four-dimensional theory is made with the help of an harmonic expansion around the ground state, whose excitations represent the field variables of the model. As a consequence, an infinite spectrum of particles is obtained. In particular, the lowest order excitations have vanishing mass, giving rise to the massless sector of the emerging gauge theory.
On the other hand, in the teleparallel Kaluza-Klein theories, all dynamical variables are functions of the fourdimensional spacetime points. Furthermore, the action functional and the field equations are written in the fourdimensional spacetime, and not in the higher-dimensional fiber space. This means that no dimensional reduction is necessary, no harmonic expansion around the ground state has to be performed, and consequently the field variables of the model cannot be represented by excitations. In fact, like in any other gauge theory, the basic fields are represented by gauge potentials given a priori, which are the basic ingredients for the construction of gauge theories. Now, comes the question on how the dynamical variables of the theory depend on the coordinates x M of the fiber space. Concerning the coordinates x a of the non-compact four-dimensional part (M 4 ) of the fiber, as this space is soldered to spacetime, and as all dynamical variables are functions of the spacetime coordinates x , the dependence of these variables on x a has necessarily to be through the argument of the dynamical variables. Concerning the coordinates x m of the compact D-dimensional part (B D ) of the fiber, as a change in x m must correspond to a change, not in the argument, but in the components of the field variable, the dependence of any dynamical variable on x m will be analogous to the dependence on the gauge parameter in a gauge theory. This is a direct consequence of the fact that the isometry transformations of B D are ultimately equivalent to internal gauge transformations. Accordingly, the dependence of the matter field ⌿ on the coordinates x m can be written in the form
where is defined in Eq. ͑25͒, and ␤ n are parameters related to the geometry of the compact manifold B D . In addition, as a change in x m is related to a gauge transformation, ␤ n must necessarily assume values in the Lie algebra of the gauge group. In other words, ␤ n ϭ␤ n j T j , with T j a matrix representation of the Lie algebra generators. In fact, according to Eq. ͑47͒, the action of the ͑derivative͒ isometry generators K n i ‫ץ‬ n turns out to be equivalent to the action of the ͑multi-plicative͒ matrix generators iK n i ␤ n . This means that it is possible to relate iK n i ␤ n to another realization of the generators of the gauge group. As already said, this possibility is a direct consequence of the fact that the ͑internal͒ gauge transformations are obtained as the isometries of B D . Let us explore better this point. Under the coordinate transformation ͑15͒, a matter field ⌿ changes according to
By using Eq. ͑47͒, we see that
where use has been made of Eq. ͑25͒. Substituting into the transformation ͑48͒, it becomes
On the other hand, we have already seen that K i ϭK n i ‫ץ‬ n satisfy the commutation relations ͑27͒, that is
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As the Killing vectors K n i depend on x m in the same manner as ⌿ does, it is an easy task to verify that
This means that
can be identified as another realization of the ͑anti-Hermitian͒ Lie algebra generators. With this identification, the transformation ͑50͒ acquires the form
which is in fact a gauge transformation of matter fields. The covariant derivative of ⌿ is defined by
͑54͒
Substituting the transformation ͑31͒, and using the appropriate identifications, it becomes
which is the usual expression of the gauge covariant derivative in the presence of gravitation. Defining where D a ⌿ is the gauge covariant derivative in Minkowski spacetime.
VI. FINAL REMARKS
Replacing the general relativity paradigm by a gauge paradigm, and making use of the teleparallel description of gravitation, which corresponds to a gauge theory for the translation group, we have succeeded in constructing a teleparallel version of the non-Abelian Kaluza-Klein theory. In other words, we have succeeded in unifying, in the Kaluza-Klein sense, teleparallel gravitation with Yang-Mills type theories. The resulting model turns out to be a gauge theory for the group T 4 G YM , with the fiber space given by M 4 B D , where M 4 is the Minkowski tangent spacetime, and B D is the manifold associated with the Yang-Mills gauge group G YM . In this model, the translational gauge transformation arises as the isometries of the non-compact fourdimensional part of the fiber, which is always a Minkowski spacetime M 4 , whereas the non-Abelian gauge transformations arise as the isometries of the compact D-dimensional part of the fiber, which is the part related to the internal gauge symmetry.
As in the Abelian case ͓11͔, the teleparallel equivalent of the non-Abelian Kaluza-Klein model turns out to be much more natural than the ordinary Kaluza-Klein model. In fact, in the teleparallel model both gravitational and Yang-Mills type fields are described by a gauge theory, with the YangMills field strength appearing as extra gauge components of torsion, the field strength of teleparallel gravity. This means that the gravitational and the Yang-Mills field strengths are different components of a unique tensor. Another interesting point concerns the relation between geometry and gauge theories. According to ordinary Kaluza-Klein models, gauge theories emerge from higher-dimensional geometric theories as a consequence of the dimensional reduction process. According to the teleparallel Kaluza-Klein approach, however, gauge theories are the natural structures to be introduced, the four-dimensional geometry ͑gravitation͒ emerging from the non-compact sector of the fiber space. In fact, only this sector presents the soldering property ͓15͔, and can consequently give rise to a tetrad field, which is the responsible for the geometrical structure ͑either metric or teleparallel͒ induced in spacetime. Furthermore, as the gauge theories are introduced in their original form-they do not come from geometry-the unification, though not trivial, turns out to be much more natural and easier to be performed.
An important characteristic of the ordinary non-Abelian Kaluza-Klein model is that the metric ͑1͒ is not a solution of the higher-dimensional Einstein equations as these equations cannot have solutions of the form M 4 B D . This is related to the fact that the D-dimensional internal space is in general curved, leading then to difficulties for defining the ground state ͑vacuum͒ of the higher-dimensional gravitational field. These models, therefore, require an initial non-compact (4 ϩD)-dimensional spacetime, and a subsequent compactification scheme for the D extra dimensions. One way of solving this problem is to introduce extra matter fields in the form of a higher-dimensional energy-momentum tensor, so that a spontaneous compactification of the extra dimensions is achieved ͓18͔. Another solution was that provided by Freund and Rubin ͓19͔ in eleven-dimensional supergravity, where not only is there compactification, but the space naturally separates in (4ϩ7) dimensions. On the other hand, since in the teleparallel Kaluza-Klein model the gauge theories are not obtained from the geometry, but introduced in their original forms, the fiber space of these theories can be assumed to present a compact sub-manifold B D from the very beginning. In other words, the compactification problem does not exist for these theories. In addition, as both the action and the field equations are always written in the fourdimensional spacetime, and not in the higher-dimensional fiber space, no dimensional reduction is necessary, and consequently no expansion of the dynamical variables in terms of the complete set of harmonics of B D has to be performed. As a consequence, the infinite spectrum of new particles is absent, strongly reducing the redundancy present in ordinary Kaluza-Klein theories. A similar achievement has already been obtained by a modified Kaluza-Klein theory in which the internal coordinates are replaced by generators of a noncommutative algebra ͓20͔. In this model, no truncation to eliminate extraneous modes is necessary as only a finite number of them is present.
Finally, as a last remark, let us take the internal coordinate transformation ͑22͒, and substitute on it the value of , given by Eq. ͑40͒. 
͑58͒
is the length scale associated with the compact internal submanifold, and
is the angular coordinate associated with x m . We see in this way that the teleparallel Kaluza-Klein model defines a natural length scale for the compact part of the fiber space, given by the Planck length. In the specific case of the ordinary Abelian Kaluza-Klein theory, the radius of the fifth dimension can only be inferred from the value of the elementary electric charge. Since the teleparallel model yields a natural length scale, we can reverse the argument and use this length to calculate the elementary electric charge. Furthermore, as is well known, a length of the order of the Planck length, like the above, through the application of the Bohr-Sommerfeld quantization rule to the periodic motion in the fifth dimension, gives the correct value for the elementary electric charge.
